Nonlinear reaction dynamics through a rank-one saddle is investigated for many-particle system with spatial rotation. Based on the recently developed theories of the phase space geometry in the saddle region, we present a theoretical framework to incorporate the spatial rotation which is dynamically coupled with the internal vibrational motions through centrifugal and Coriolis interactions. As an illustrative simple example, we apply it to isomerization reaction of HCN with some nonzero total angular momenta. It is found that no-return transition state (TS) and a set of impenetrable reaction boundaries to separate the "past" and "future" of trajectories can be identified analytically under rovibrational couplings. The three components of the angular momentum are found to have distinct effects on the migration of the "anchor" of the TS and the reaction boundaries through rovibrational couplings and anharmonicities in vibrational degrees of freedom. This method provides new insights in understanding the origin of a wide class of reactions with nonzero angular momentum.
I. INTRODUCTION
Chemical reaction is a rearrangement of particles (atoms) constituting the system (molecule) which involves transition from one state (reactant) to another (product). In many reactions, there exists a rank-one saddle point on a single effective potential energy surface (typically, in a space of 3N − 6 dimension where N is the number of particles), nearby which the system passes from the reactant to the product. Recent theoretical developments on nonlinear dynamics through the saddle have revealed the robust existence of no-return transition state (TS) and the reaction pathway along which all reactive trajectories necessarily follow not in the configuration space but in the phase space. In addition to what chemists have long envisioned as TS, [1] [2] [3] [4] [5] [6] [7] [8] it was revealed that there exist another important "building blocks" in the phase space for the understanding of the origin of the reactions: that is, normally hyperbolic invariant manifold (NHIM) and the stable/unstable invariant manifolds [9] [10] [11] [12] [13] [14] [15] [16] [17] (and their remnants 16, [18] [19] [20] [21] ). An invariant manifold is a set of points in the phase space such that, once the system is in that manifold, the system will stay in it perpetually.
The most important invariant manifolds in reactions is those of codimension one, that is, the dimension of the manifold is one less than that of the phase space. Such a manifold can divide the space into two distinct regions [e.g., remember that a three-dimensional space can be divided by a twodimensional space (e.g., sheet) but not by a one-dimensional space (line)]. Due to the invariance of the manifold, no trajectory can cross it from one side to the other in the phase space. The stable/unstable invariant manifolds emanating from the NHIM are of codimension one and separate the phase space a) Electronic mail: skawai@es.hokudai.ac.jp. b) Research Fellow of the Japan Society for the Promotion of Science into two distinct regions in which all the trajectories are led to either the state of the reactant or that of the product. Once we know which side of the manifold a given initial condition is, we can immediately know, without any trajectory calculations, whether the initial condition brings the system to the product or not. Note that the TS is also required to be of codimension one, otherwise one cannot identify "before" and "after" the reaction, corresponding to the states of reactant and products. The conventional TS defined by a constraint of q 1 = 0 by a certain "reaction coordinate" q 1 holds the correct dimensionality of the TS since the number of the constraint is just one (i.e., q 1 = 0), implying codimension one at constant energy, even if it may not resolve the nonrecrossing problem.
Thanks to normal form (NF) theories (a classical analog of quantum Van Vleck perturbation theory), it was revealed in classical Hamiltonian systems with many degrees of freedom, 9, 10, 17, 19, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] that one can robustly extract the NHIM, no-return TS, and the stable/unstable invariant manifolds up to a moderately high energy regime above the saddle point energy, even under the existence of chaos arising from nonlinear couplings. The potential of the theories has been demonstrated not only in chemical reactions with 17, 22 and without [23] [24] [25] [26] [27] time-dependent external field but also in ionization of a hydrogen atom in crossed electric and magnetic fields, [28] [29] [30] isomerization of clusters, [31] [32] [33] [34] [35] [36] and the escape of asteroids from Mars 37, 38 [Just recently the theory was also generalized to quantum Hamiltonian systems [39] [40] [41] and dissipative (generalized) Langevin systems. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] ] The dimension of the phase space of an N -particle nonrigid system is (6N − 10) in the upper limit. 52 Nonrigid molecules at constant energy have ten constraints of the three coordinates of center of mass, the three conjugate momenta of center of mass, the three angular momenta (defined in the space-fixed frame), and the total energy of the system. If nontrivial constant(s) of motion exist(s), the dimension of the phase space further decreases by the number of the nontrivial constant(s) of motion. Beck et al. 52 studied the change of dimensionality of the phase space in isomerization reaction of Ar 3 cluster as a function of the total energy of the system. It was found that the dimension of the phase space covers from three at very low energy regime where the systems are confined on high-dimensional torus to eight at very high energy of very nonrigid regime. They also found an intermediate energy regime of dimension five, where vibrational modes are coupled with each other but the system is regarded as still relatively rigid, so that the overall rotation in the space-fixed frame exhibits approximate three constants of the motion.
Although the dimension of the phase space of chemical reaction can be subject to not only vibrational degrees of freedom but also the overall rotation, most investigations of the phase space geometry of reaction dynamics have been focused on zero total angular momentum (J = 0) case, except for the works by Wiesenfeld et al. 53, 54 The difficulty comes from the fact that NF theory usually starts with harmonic approximation around a saddle point. The rotational motion is greatly different in its geometrical and algebraic structure from the harmonic vibration and the passage over the parabolic barrier on the potential. In reality many reactions can take place in a wide region of nonzero total angular momentum (J = 0) in the J-space due to thermal excitation of unimolecular systems or nonzero impact parameter of bimolecular collisions. Note that J = 0 is just a pinpoint in the J-space. In the studies of Wiesenfeld, 53, 54 the concept of relative equilibrium (RE) has been introduced, which replaces the role of the saddle point in the rotationless case. Change of the position and the linear stability of RE was systematically investigated as a function of J. It was shown that the height and the position of RE move with the change of J resulting in a transition of reaction dynamics from chaos to regular in nature, and eventually to the cease of reaction. Time-reversal asymmetry of RE due to Coriolis interactions was also found. Unfortunately, their investigation was limited to planar systems. There we have only one component of the angular momentum J, which is a constant of motion. It can thus be treated like a constant parameter, leaving the system with the other degrees of freedom, which are vibrations and passage over an inverted parabola. In general, for spatial rotation, however, only the modulus |J| is constant whereas each component (J a , J b , J c ) in the body-fixed frame changes with time for asymmetric top molecules.
Compared to the rotational effects in the saddle region, rovibrational coupling in the potential well region has a long history of study. Clodius and Shirts 55 investigated the coupling between the two stretching modes of H 2 O and D 2 O rotating in a plane. Since there is only one component of angular momentum for planar rotation and it is conserved, the angular momentum acts as a constant parameter in the Hamiltonian. The coupling strength between the two stretching vibrations is thus changed with the change of the angular momentum. It was found that the increase of the angular momentum first decreases the chaotic behavior of the system for low J , and then increases the chaos for high J . This was successfully explained by the consideration of the sign of the coupling term and its dependence on J through the centrifugal term. Similarly, the change of the strength of coupling with the change of the angular momentum was found in the study of energy flow between two vibrational modes under the effect of Coriolis force. 56 There again the rotation was restricted to a plane and the angular momentum was a constant parameter to change the magnitude of vibrational coupling. In contrast to the planar rotation, inclusion of threedimensional rotation can result in energy exchange between rotation and vibration. 57 Trajectories of triatomic molecules OCS and SO 2 were studied through Fourier transforms and rates of trajectory divergence. In the major part of the OCS trajectories, regular-type energy flow was observed through a 2:1 resonance between two frequencies of the bending normal mode and the rotation. In SO 2 , the rovibrational coupling was more complex because all the vibrational modes are strongly coupled by anharmonicity and the trajectories showed chaotic behavior. In both cases, the energy exchange between rotation and vibration was dominated by the centrifugal term. The significance of 2:1 centrifugal resonance was later confirmed in the analyses with Poincaré surfaces of sections of a simplified model by Ezra, 58 where other resonances (4:1 and two 3:1's) were also found and closely analyzed. Another interesting phenomena found in these studies is the chaotic breakdown of the separatrix in the J-space and a transition over it. In the rigid rotor, there is a separatrix in the three-dimensional J-space (which will be explained in Sec. II B for the sake of completeness) that acts as an impenetrable separatrix to separate the rotational motion around the molecular A-axis and that around the C-axis. Under the existence of rovibrational resonance, the separatrix region becomes chaotic and some trajectories show transitions between A-type motion and C-type motion. The resonance structures and chaotic breakdown of separatrix were later analyzed by first-order classical perturbation theory. 59 While the separatrix and the stability of planar rotation are broken through chaos, there were found to be stabilizing resonances that generate motions different from the rigid rotor but still regular. In summary, the rotational motion can actively couple to the internal motion of molecules and significantly change it. Although the above researches were performed for vibrational motions in potential wells, it is expected that the rotation can also change actively the reaction dynamics in the saddle region. As a starting point, we investigate in the present paper an energy regime where the rovibrational coupling invalidates the normal mode description but the dynamics is still regular. Investigation of the above mentioned resonance structure and chaotic breakdown with similar methods would also be a fascinating subject in the future.
In this paper, we present a new framework based on NF theory with spatial rotation, in which (J a , J b , J c ) are explicitly treated as dynamical variables (in Sec. II). This incorporates the effects of nonlinear rovibrational couplings and enables us to extract the phase space reaction coordinate separated from the other (vibrational and rotational) modes. As an illustrative example, we apply the theory to HCN molecule in Sec. III. It is found that the NHIM (and hence the position of the no-return TS and the stable/unstable invariant manifolds) migrates with increasing J , to which the different components (J a , J b , J c ) have different effects. Summary and outlook will be given in Sec. IV.
II. THEORY

A. Setting of the problem
The Hamiltonian for the rovibrational motion of a molecule is given by
where J = (J a , J b , J c ) is the angular momentum projected onto the molecular axes(a, b, c), the matrix I(q) is the moment of inertia that depends on the vibrational coordinate q k , and p k is the conjugate momentum to q k . The indices k and k range over k = 1, 2, . . . , 3N − 6, where N is the number of atoms in the system. The coordinate q k is taken as the normal mode coordinate at the saddle point so that the potential energy V (q) can be expanded as
where f def =3N − 6, the coefficients λ 2 and ω 2 k denote the curvature along the reactive normal mode coordinate q 1 and that along the nonreactive one q k , respectively. The coefficients c j describe the strength of anharmonicity of q 1
where |j|(
The molecular axes are taken so that the matrix M(q) is diagonal at the equilibrium point q = 0:
where A, B, and C are called rotational constants. It is a convention in molecular spectroscopy to take the molecular axes so that the rotational constants are in the order A ≥ B ≥ C.
61, 62
The vectors ζ k,k represent the Coriolis interaction. The equation of motion can be derived from the Hamiltonian of Eq. (1) by
where φ may be any physical quantities such as q k , p k , or J. The Poisson bracket relations are given by
where δ denotes Kronecker's delta.
B. Rigid rotor and harmonic approximation
Let us start the investigation of the dynamics by the rigid-rotor-harmonic-oscillator approximation, where we ignore the dependence of M on the vibrational coordinates q k and the anharmonicities in the potential V (q):
Under this Hamiltonian, the vibrational action
the reactive-mode action
the total angular momentum
and the rotational energy
are all constants of motion. The phase space structure is depicted in Fig. 1 . The trajectories run along the contour curves of the constants of Eqs. (8)- (11), and all the modes are independent of each other, with the whole phase space given by the direct product of these 2D plots. It is convenient in later calculations to introduce the following variables:
in which the Poisson bracket relations are
FIG. 1. Phase space flow under the rigid-rotor-harmonic-oscillator approximation. In the J-space (left panel), the contour curves of the rotational energy are depicted on the sphere of constant |J|. In the (q k , p k )-spaces, the contour curves of the actions are depicted. In all the panels, the trajectories run along these contour curves.
and the action variables [Eqs. (8) and (9)] are
The most important in the reaction theory is the reaction mode (q 1 , p 1 ). Suppose q 1 = −∞ corresponds to the "reactant" (i.e., before the reaction), and q 1 = +∞ to the "product" (after the reaction). The trajectories with x 1 > 0 and ξ 1 > 0 are "forward reactive" trajectories because they start in the reactant region, overcomes the barrier, and goes into the product region (in other words, "the reaction occurs"). On the other hand, the trajectories with x 1 < 0 and ξ 1 > 0 are "forward nonreactive" trajectories because they start in the reactant region, but are reflected by the barrier, and goes back into the reactant region. The trajectories with x 1 < 0 and ξ 1 < 0 are "backward reactive" trajectories, because they start in the product region and go into the reactant region (the backward reaction). Similarly, the trajectories with x 1 > 0 and ξ 1 < 0 are "backward nonreactive" trajectories. Note that the sign of the action I 1 = x 1 ξ 1 determines the reactivity of the trajectory. If I 1 > 0, it is reactive (forward or backward). If
The set of all the points with x 1 = 0, |J| = J , and
is called stable invariant manifold. All points on W s remain on W s without going either to the reactant or the product regions. All points with x 1 > 0 (x 1 < 0) go into the product (reactant) region as t → +∞. Therefore, the manifold W s serves as an impenetrable barrier to separate the reactive and the nonreactive trajectories. In other words, it divides the future of the trajectory. Likewise, the set
is called unstable invariant manifold. All points on W u remain on W u . All points with ξ 1 > 0 (ξ 1 < 0) came from the reactant (product) region in t → −∞. Thus the manifold W u serves as an impenetrable barrier which divides the past of the trajectory. The surface given by
is called TS. Once a forward-going trajectory crosses the TS, it must go straightforward into the product region, without ever returning into the reactant region before being captured in the product. Thus the TS can be regarded as no-return dividing surface between the reactant and the product regions. Note that the definition of no-return dividing surface is not unique, that is, not restricted to that given by Eq. (17) . For instance, the no-return property holds in the definition of the TS in Eq. (17) even if the line q 1 = 0 is rotated around the origin in the space of (q 1 , p 1 ) until it hits either of the lines x 1 = 0 and ξ 1 = 0. On the other hand, the stable manifold W s and the unstable manifold W u are uniquely determined. Note that the TS and the stable and the unstable manifolds have the common "anchor" (or boundary). It is given by
and is called NHIM. All points on M remain on M for all time. The manifold M consists of points that remain over the top of the barrier without going either to the reactant or the product region. Note that all points in the stable (unstable)
. While the definition of TS is not unique, the anchor of the TS must be the NHIM in order to satisfy the nonrecrossing property.
The phase space structure of the rotational mode (left part of Fig. 1 ) 63, 64 is obtained from the conservation of the total angular momentum (|J| = const., a sphere in the J-space), and the conservation of the rotational energy
In the figure, the contours of E rot are depicted on the sphere of constant |J|. We have four stable fixed points: J a = ±J, J b = J c = 0 where E rot is maximum, and J a = J b = 0, J c = ±J where E rot is minimum. The points J a = J c = 0, J b = ±J are also fixed points but they are unstable.
For the case of symmetric top the phase space structure becomes simpler. For the prolate symmetric top, where A > B = C, we have E rot = B|J| 2 + (A − B)J a 2 and the trajectories run along the contour curves of J a as in Fig. 2(a) . For the oblate symmetric top, where A = B > C, we have E rot = B|J| 2 − (B − C)J c 2 and the trajectories run along the contour curves of J c as in Fig. 2(b) . For both prolate and oblate symmetric top cases, there exist two stable fixed points. For the spherical symmetric top case A = B = C, all the points in the J-space are fixed points, and all the points on the constant-|J| sphere have the same energy. 
C. Normal form theory with spatial rotation
Next we consider the general case [Eq. (1)] with rovibrational couplings and anharmonicity. The idea is similar to the previous studies for the rotationless case. 9, 10, 17, 19, 22-39, 41, 47-51 We introduce a special coordinate transformation (J, x, ξ ) → (J,x,ξ ) with which the Hamiltonian is reduced to
that is, the Hamiltonian depends on (x k ,ξ k ) only through the action variablesĪ k defined bȳ
while we allow any functional form with respect toJ. With this form of the Hamiltonian, it can be shown that the action variablesĪ k are constants of motion. We can therefore draw the same picture as Fig. 1 with the names of the axes replaced by the new variables. The fate of the reaction can be determined solely by the sign ofx 1 at any instant. We divide the Hamiltonian
as
where we have used the Taylor expansions of the matrix M and the potential V :
Thus the zeroth order Hamiltonian H 0 consists of the prolate symmetric top and the harmonic approximation. The firstorder H 1 contains the deviation from the symmetric top, the rovibrational coupling cubic in J and q, and the anharmonicity cubic in q. The second order H 2 contains the terms that are quartic in J and q. Similarly, the higher order parts H ν (ν = 3, 4, . . .) are polynomials of degree ν + 2 in J and q.
We introduce a formal parameter ε of perturbation, which we set ε = 1 after all the following calculation is done. The Hamiltonian is written as
with H (0) ν = H ν defined in Eq. (22). We construct the NF transformation from (J, x, ξ ) to (J,x,ξ ) by Lie canonical perturbation theory. 65 Following the formulation by Dragt and Finn, 66 we perform successive operations of Lie transformations:
where m is the order of perturbation and ad
is an operation of Poisson bracket with a function F ν :
The transformation of the Hamiltonian H (J, x, ξ ) → H (J,x,ξ ) is then given bȳ
we obtain the following recursion formulas forH
In the new HamiltonianH
ν , the terms of order ν arē We can expressH (μ−1) μ and the generating function F μ as polynomials of J ± , x, ξ defined in Eq. (12)
with the coefficients h 
with D def = A − (B + C)/2, the Poisson bracket of H 0 and F μ can be calculated by using Eq. (13): Thus by setting
we can cancel out the terms with the powers j, k from the new Hamiltonian.
Canceling the terms with different powers of x and ξ and leaving those with j = k ( = 1, 2, . . . , f ) , we obtain the desired result of Eq. (19) . (This procedure has been sometimes referred to as normalization.) Note that, because we allow any powers of ( j 0 , k 0 ) inH , the variableJ a is not a constant of motion, in contrast to the symmetric top case (because {J a , J j + J k − } = 0 for j = k). It was found in the previous papers 9, 10, 17, 19, 22-39, 41, 47-51, 67, 68 that the cancellation of the terms with j 1 = k 1 is possible for any value of λ, and ω , because the real part of the denominator γ jk consists of only λ(k 1 − j 1 ), and γ jk is therefore always nonzero for j 1 = k 1 . Here we find that this is also the case even with the existence of the rotation, because the term −2iD(k 0 − j 0 )J a in Eq. (37) is purely imaginary. On the other hand, the nonreactive modes and the rotational modes may suffer from the problem of small denominator 69 when ω 's and 2D J a are in resonance. Note that the resonance condition now depends on the dynamical variable J a . Whereas H 0 is taken as a symmetric top, the variable J a is no longer a constant of motion when H 1 , H 2 , . . . exist. In general, the form H (J,Ī 1 ,Ī 2 , . . .) of the new Hamiltonian can cause divergence when nonlinear resonance is met along the time propagation of the dynamics obeying the original Hamiltonian H . The problem of resonance can be avoided by adopting the form H (J,Ī 1 ,x 2 ,ξ 2 , . . .), that is, we eliminate only the terms with j 1 = k 1 by Eq. (37) and leave the other terms (which may experience nonlinear resonance) unnormalized. This is called partial normal form and has better convergence property ofH . 19, 70, 71 Further relaxation of the normalization is also possible, by which we can still extract the stable/unstable invariant manifolds (W s /W u ) with yet better convergence even when no-return TS (T ) may not exist. 30, 49 Note also that the generating function, and therefore also the new Hamiltonian, are rational functions, rather than polynomials, of the dynamical variable J a as in Eq. (37). We therefore need manipulations of rational functions in the NF calculations to include the effects of spatial rotation. In the technical aspect, this is the largest difference from the previous papers of NF.
After constructing the transformation (J a , J + , J − , x, ξ ) → (J a ,J + ,J − ,x,ξ ) in the above procedure, we can introduce real-valued normal form coordinates bȳ
similarly to Eq. (12) . There is a symmetry property satisfied by the variables, which can be useful for the check of the calculation results. Since there is no external field, the system has a time-reversal symmetry. Thus the Hamiltonian H does not change under the transformation (J, q, p) →(−J, q, −p). The same property must hold after the transformation:H does not change under (J,q,p) →(−J,q, −p). Thus in the polynomial expression ofH , the coefficients of even (odd) total power ofJ b ,J c , andp must be an even (odd) function ofJ a , respectively. Likewise, in the expression ofq in terms of the original variables, the coefficients of even (odd) total power of J b , J c , and p must be an even (odd) function of J a , respectively. In contrast, in the expression ofJ andp in terms of the original variables, the coefficients of even (odd) total power of J b , J c , and p must be an odd (even) function of J a , respectively. (See also the electronic database 72 of the transformed Hamiltonian H and transformed physical quantitiesq,J, andp represented in terms of the original variables.)
In the present paper we chose the prolate symmetric top and the harmonic approximation of vibrational degrees of freedom as the zeroth order Hamiltonian. One may replace the prolate symmetric top by the oblate symmetric top as the zeroth order. Then the calculations above can proceed similarly with appropriate change of indices. However, choosing the asymmetric top and the harmonic approximation as the zeroth order would require more complicated calculations. 59 This is because we will encounter Eq. (33), where the Poisson bracket of H 0 with the generating function of the transformation is required to cancel with higher order parts of the Hamiltonian. Solving this equation for the generating function needs an analytical solution for the time evolution obeying H 0 . While the analytical solution for the prolate and oblate symmetric tops is given by simple trigonometric functions, that of the asymmetric top involves elliptic functions, 59, 64 which would make the calculation more complicated. The resonance condition would also be complicated because the angular frequency of the zeroth order periodic motion in the J-space, given by 2D J a in the prolate case [see Eqs. (35) and (36)], is given for the asymmetric top case by an elliptic function 59, 64 with the rotational energy, which in turn is a function of the three components of J. In the future, it would be interesting to also develop a normal form theory with the zeroth order being the asymmetric top based on the action-angle expression derived in the Appendix of Ref. 59 . At end, the validity of the choice of the zeroth part and the order assignments in the NF calculation should be checked numerically by, for example, comparing the value of the original Hamiltonian and that of the transformed HamiltonianH .
III. NUMERICAL EXAMPLE
In this section we demonstrate the calculations by the theory presented in Sec. II with a numerical example of HCN molecule. The molecule undergoes an isomerization between HCN and HNC linear structure:
We use the potential surface of Ref. 73 . Figure 3 shows the structure, principal axes, and the normal mode vibrations at the saddle point. The mode q 1 is the unstable mode corresponding to HCN HNC isomerization, q 2 is the vibration of the H atom going to and from the CN axis, and q 3 is the stretching vibration of the CN bond. The rotation constants and the normal mode frequencies are
Since A > B ≈ C we take the prolate symmetric top as the zeroth order as in Eq. (22) . The calculation is performed up to the second order of perturbation. The original Hamiltonian, the generating functions, the transformed physical quantities q,J, andp, and the transformed Hamiltonian obtained by the NF calculation are given in electronic database. To grasp the NHIM (x 1 =ξ 1 = 0) obtained by the rotational NF theory, we plot several periodic orbits (POs) within the NHIM. Three POs are chosen where the vibrational mode 2 is excited withĪ 2 = (3¯)/2, and the mode 3 is kept at the originq 3 =p 3 = 0. TheJ is kept at the fixed points in theJspace. These points are obtained by solving ∂H (J,Ī)/∂J = 0 with the givenĪ and |J|. Table I shows the values ofJ and the energy (H ) for the chosen POs. The values of |J| are chosen so that the three POs fall into approximately a similar energy range of ≈1.0 eV. Note that the fixed points in the J-space were at (J a , J b , J c ) = (J, 0, 0), (0, J, 0) , and (0, 0, J ) in the rigid rotor approximation (Sec. II B) . The locations of the fixed points in theJ-space deviate from these due to the rovibrational couplings. In this particular example, however, the deviation is small.
The accuracy of the normal form calculation can be assessed by the energy error. 30, 70 We compare the value ofH truncated at μth order perturbation with true Hamiltonian H . The difference is denoted by H (μ) . The smaller this value is, the better description the normal form HamiltonianH is. Table I shows the mean square of H (μ) along each PO for zeroth, first, and second order perturbations. The improvement is appreciable and gets better as the order increases, implying the validity of our rotational NF calculation. Figure 4 (a) shows a periodic orbit in the NF coordinates. In this PO, we excite the vibrational mode 2 withĪ 2 = (3¯)/2, while keeping the mode 3 at the originq 3 position of the H atom projected onto the molecular inertial axes a and b. In Fig. 4(b) , the periodic orbit is superposed on the contour plot of the potential energy surface as functions of (a H (Fig.  3) . When the rotational motion exists, the system feels a centrifugal potential which goes downward in increasing b H . The resulting effective potential is given by the sum of the original potential and the centrifugal one. As illustrated in panel (c), the position of the minimum in the effective potential is found in the direction of lower centrifugal potential. Thus the migration of PO in the same direction as the centrifugal force is qualitatively understood. The PO also migrates in the a Hdirection. Since there is no centrifugal force in this direction, this must be due to the anharmonicity of the potential energy surface. The migration of the PO in the b H arising from the centrifugal force also affects its location along a H -direction through the nonlinear coupling between a H and b H .
In the above explanation, we interpretedJ a ≈ J ,J b ≈J c ≈ 0 as rotation around the a-axis. This is only qualitatively true, becauseJ a is a nonlinear function of (J, q, p) through the NF transformation constructed in Sec. II. The motion inJ has components in the original J as well as the internal coordinates (q, p). In other words, it is not a pure rotation. J a is the "main part" (zeroth order approximation) ofJ a . The above interpretation is therefore qualitatively correct. (a H , b H ) . It is found that the orbit migrates toward the positive direction along the a H -axis asJ b ≈ J increases. In this case the molecule rotates around the b-axis, generating the centrifugal force making the hydrogen atom leave from the origin in the a H -direction. When the hydrogen atom is located in a region of negative value of a H , the centrifugal force acts in the negative a H direction [indicated by the arrow in panel (b)]. The migration of the PO with increasing J is in the opposite direction to the centrifugal force, in contrast to the previous case. The a H -direction has the largest projection onto the reaction mode q 1 as seen in Fig. 3 . The potential shows a maximum along this direction. As shown schematically in panel (c), the sum of the potential having a maximum and the centrifugal potential exhibits a maximum that is shifted in the direction of increasing centrifugal potential. Finally, we plot another periodic orbit to show the difference between the transformed angular momentumJ and the original one J. In Fig. 7 , both the vibrational modes are kept at the originq 2 =p 2 =q 3 =p 3 = 0 (see also No. 4 in Table I ). An energy contour curve in theJ-space is taken to give a periodic orbit. In the projection onto the (a H , b H ) , which is internal coordinates, we see a line segment rather than a point. This means that the periodic motion purely in theJ have nonzero projection onto the internal motion of the molecule. Due to the rovibrational coupling, the rotational motion (J) is not independent of the internal (reaction and vibration) motions. In contrast, the normal form coordinateJ is independent of (q 1 ,p 1 ,q 2 ,p 2 ,q 3 ,p 3 ) , since the NF transformation cancels out the couplings. The independent modē J thus constructed is not a pure rotation in the sense of the original coordinate (J, q, p) but contains some components in the internal motion. The NF method presented in this study extracts truly separable coordinates in systems under rovibrational couplings. Projecting the NHIM obtained by thus constructed coordinates onto the original coordinate reveals the effects of rovibrational motions on the reaction.
IV. SUMMARY AND OUTLOOK
Recently developed nonlinear dynamical theories of saddle crossings were extended to systems with nonzero spatial rotation. Three components (projection onto the molecular axes) of the angular momentum are not constants of motion (while they are mutually related with each other through the constancy of the modulus of the angular momentum), and were therefore treated as dynamical variables. The rotation is dynamically coupled to the internal motion of the molecule through centrifugal and Coriolis interactions, affecting therefore the reaction process. Under the rovibrational couplings, the method shown in the present paper extracts a new set of coordinates, with which the reaction mode is decoupled from the others. We can thus identify a no-return TS to separate the reactant and the product regions [Eq. (17) ], and the stable/unstable invariant manifolds acting as the boundary of reactive and nonreactive trajectories [Eqs. (15) and (16)]. The nonlinear coordinate transformation with spatial rotation requires manipulation of rational functions, in contrast to that without spatial rotation in which only the manipulation of polynomials, easier in the implementation, was needed. The positions of NHIM, which is regarded as an "anchor" of TS, and the stable/unstable invariant manifolds were investigated by projecting several representative periodic orbits in the NHIM back to the original coordinates. It was found that the position of NHIM migrates as the rotation is excited. The three components of the angular momentum were shown to have different effects on the position of NHIM. When the centrifugal force is along the reaction mode, the NHIM migrates in the direction opposite to the centrifugal force. When the centrifugal force is along the vibrational mode, the NHIM migrates in the same direction as the centrifugal force. When the rotation is perpendicular to the internal motion, the Coriolis interaction plays a significant role to make the shape of NHIM circular when projected onto the configuration space.
With the method presented in this paper, the reaction dynamics theory in the nonlinear regime 9, 10, 17, 19, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] is now made applicable to a much wider class of realistic systems, such as the bimolecular collision with nonzero impact parameters and the unimolecular reaction with thermally excited rotation. The extraction of the boundary of reaction (that is, stable/unstable invariant manifolds) will progress our insights into what determines the outcome of reactions. An obvious next step is systematic studies of reaction dynamics on precise potential surfaces by highly accurate ab initio calculations for the reactions occurring in atmospheric or interstellar regions using the method developed here. It is also interesting that the dynamical structure changes at higher energies. 16, 19, 30 In contrast to the present treatment, where all the vibrational actions perform as constants of motion by the NF transformation, there should exist a range of energy in which only the action along the reactive coordinate does so while most of all vibrational modes exhibit chaotic motions, or in which even the reactive-mode action is broken but we can still find the reactivity boundary (stable/unstable invariant manifolds). 30, 49 The breakdown of the constancy of actions primarily occurs through resonance, that is, a small denominator arises in the generating function for certain combinations of powers and frequencies, causing the divergence of the transformation. It is interesting to note that the denominator depends on the angular momentum [Eq. (37) ]. A new type of resonance, therefore a new way of breakdown of dynamical structure, may arise depending on the value of angular momentum. An example of resonance between the rotational and the vibrational motions is the Coriolis resonance, 62, 74, 75 which corresponds to the case of j 0 − k 0 = 0, ±1, j s − k s = 1 and j r − k r = −1 (r, s ≥ 2, r = s) in Eq. (37), arising from the terms J T M(0)ζ rs q s p r in Eq. (1). The effect of rovibrational resonance is to generate island chain structures in the Jspace 58 in place of the simple rigid rotor structure in Sec. II B, or chaotic breakdown of the separatrix and transfer between A-type and C-type rotations. 57, 58 It can also change the coupling of vibrational modes 55, 56 and exchange energy. 57, 58 How the rovibrational resonance affects the reactive mode (which is not a vibration) is still to be investigated. Such resonance may mix the rotation and the vibration and increase the phase space dimensionality from 6N − 13 (purely vibrational) to 6N − 10 (maximum) as energy increases. 52 These are some of the forthcoming subjects still to be addressed.
